THE REARRANGEMENT-INVARIANT SPACE Tp,^ 

AMIRAN GOGATISHVILI AND RON KERMAN 

Abstract. Fix b e (0, oo) and p e (1,cxd). Let be a positive measurable 
function on /t, := (0, b). Define the Lorentz Gamma norm, Pp^^, at the measurable 

function / : R+ ^ M+ by p^Jf) r*(iF0Wrfi] ' , in which := 

Iq f*{s)ds, where f*{t) pj^{t), with pf{s) := |{a; £ h : \f{x)\ > s}\. 
Our aim in this paper is to study the rearrangement-invariant space determined 
by Pp0- In particular, we determine its Kothe dual and its Boyd indices. Using 
the latter a sufficient condition is given for a Calderon-Zygmund operator to map 
such a space into itself. 



1. Introduction 



Let {X, /i) be a cr-finite measure space with = b and denote by Wl{X) the 

set of yu-measurable real-valued functions on X. This paper is concerned with the 
properties of certain rearrangement invariant spaces of functions in dJt{X). The 
norm of such a space is defined in terms of an index p, 1 < p < oo, and a positive 
locally integrable (weight) function (j) on /{, := (0, b) by 



ritfmdt 



fem{X). 



(1.1) 

Here, 



in which the decreasing rearrangement, /*, is the inverse (in a generalized sense) of 
the distribution function, fif, of /, where 

fif{X):=^{{xeX:\f{x)\>X}), A>0. 

We require 

(f){t)t-Pdt <oo, if 6 = cx), and / (j){t)t-Pdt = oo, for all b G M+; 
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otherwise, the space 

r,,^ = r,,<^(x) := {/ G mix) ■. p^jf) < 00} 

would, in the first case, consist only of the zero function and, in the second case, 
would be equal to the space Li{X) of //-integrable functions on X. Such weights 
will be called non-trivial. 

The spaces Tp^^ are examples of rearrangement-invariant (r.i) Banach function 
spaces, which are defined by norms p whose characteristic property is that = 
p{g) whenever f,g E V)l{X) are equimeasurable in the sense that /* = g*. 

A key thing to know about a Banach function norm, p, such as (11. ip . is its associate 
norm, p', defined at g E VJl^X) by 

p'{g) = sup / \fg\dp. 

We will show that, when Vp^fj,{X) ~^ Lao{X), or, equivalently, fj^(f){s)ds = oo, one 
has 

where p' = and -0 is a certain (dual) weight. 

We motivate the choice of i/j, in an appendix to the paper. For now, we just state 
our main result, namely. 



Theorem A Let {X,p) be a a-finite measure space with p{X) = b. Fix p, 1 < 
p < oo, and suppose (j) is a non-trivial weight function on If,. Then, 



Ix\9\ 



g e mix), 



in which 



t^^''''jUj;ct>{s)s-^ds 
jQ(p + tP Jl^(P{s)s-Pds^^^^ 



t e /fe, p' 



p 



p — 1 



A proof of this theorem has been given by the first author and L. Pick in [3] using 
so-called discretization methods. Our aim here is to give a new proof using more 
familiar techniques. Alternative descriptions of the function space dual to Tp^^ can 
be found in [4j and |8j. 

The Boyd indices of an r.i. norm are essential to describing the action of such 
operators as those of Calderon-Zygmund on the space Lp(M"). These indices are 
defined in terms of the norm, hp{s), of the dilation operator. Their calculation when 
p = Pp^ and p{X) = oo is greatly simplified by the result in 



Theorem B Fix an index p, 1 < p < oo and let 4> be a non-trivial weight on 
Take p = p^^ and at s G ffi+ set 



Then, 



h,{s) sup = sup ^^41^, ^ / e 9Jl+(R+). 

p{f) pU) 

j;'<P{y)dy + sHPj^^cl>{y)y-Pdy 



hp{s) ~ sup 
teM+ 



£(P{y)dy + tPj;4>{y)y-Pdy 



2. REARRANGEMENT-INVARIANT SPACES 

Let {X, p) be a cr-finite measure space with p{X) — b and denote by Tl{X) the 
set of yLt-measurablc real- valued functions on X and by SD?+(X) the nonncgative 
functions in Wl{X). A Banach function norm is a functional p : Wl+{X) M+ 
satisfying 

(Al) p(/) = if and only ii f = p- a.e., 
(A2) p{cf) = cp{f),c>0, 

(A3) p(f + g)<p{f)+p{g), 

(A4) </„ t / implies p(/n) t p(/), 
(A5) \E\ < oo implies p{xe) < oo, 

(A6) \E\ < oo implies J^fdp < CE{p)p{f), for some constant ce{p) depending on 
E and p but not on / e Wl+{X). 

Furthermore, as mentioned in the introduction, a Banach function norm is said 
to be rearrangement invariant if p{f) = p{g) whenever f,g & Wl+{X) arc cquimea- 
surable in the sense that f* — g*- The decreasing rearrangement, /*, of / e 9Jt(X) 
on R_|_ is defined as 

nt) := inf{A > : p{{x G X : \f{x)\ > A}) < t}, 

t e lb- It satisfies the property that 

10 e h ■■ rit) > t})| = p{{x e X : |/(a;)| > r}), / e Wl{X), r e R+. 

Now, although the mapping / i-)- /* is not subadditive, the mapping 
/ ^ So f*i^)ds is, namely , 

(2.1) t-' f\f + gy(^s)ds<t-' fns)ds + t-' fg*{s)ds, 

Jo Jo Jo 

for all f,g G Vyt{X), t G h- The Kothe dual of a Banach function norm p is another 
such norm, p', with 

(2.2) p'(5):= sup / fgp, f,gem+{X). 

p{f)<i Jx 
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It is obeys the Principle of Duality; that is, 

P" := ipj = p. 
The space Lp{X) is the vector space 

{/G9H(X):p(|/|)<oo}, 

together with the norm 

ll/IU, :=P(|/|). 

This Banach space is said to be an r.i. space provided p is an r.i. function norm. 
The norm, p^^, defined in (11 .ip in terms of an index p, 1 < p < oo, and a positive 
locally integrable (weight) function on Ih is an r.i. norm; 
If p is an r.i. function norm, then, 

(2-3) ^(^(-)) = ^^hH' ^^^^ 

The dilation operator, E^, s G IR+, given at f E 9Jt(]R_|_), t G R+, by 

{EJ){t) := fist), 

is bounded on any r.i. space Lp(]R+) and the operator norm of Ei/g on Lp(]R+) is 
denoted by hp{s). The norm is determined on the non-negative decreasing functions 
in Lp(M+). 

We define the lower and upper Boyd indices of Lp(]R_|_) as 



, - suD ^"^^^^^^ and / - inf ^"^^^^^^ 

tp . — oUp dllU. Ip . — 1111 - 

0<t<l logt l<t<oo logt 



The operator norm of Ei/g on characteristic functions of the form X(oa)^ ^ ^ 
is denoted by Mp(s); thus. 



Mp{s) = sup 



0<a<oo P(X(o,„)) 



The so-called fundamental indices of p are defined in terms of Mp as 



^ ^MM a„d r := inf !^ 

0<s<l logs ^ l<s<oo logs 



Clearly, 



0<ip<ip<Lp<Ip<l. 



3. Weighted spaces 



Fix b > and let w G £DT+(/b), to > a.e.. Given p, 1 < p < oo, the weighted 
Lebesgue space, Lp{w), is defined by the norm 



\f{t)\Mt)dt 
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One readily shows that the Banach dual of Lp(w) is the space Lpi(w^ ^'), p' = 
namely, the weighted Lebesgue space with norm 



b -| ^ 

\g{t)\P'w{ty-P'dt 







9 e m{h). 



In this section we consider the action of certain positive integral operators on such 
spaces. This action is expressed on terms of so-called weighted norm inequalities. 
The most basic ones involve the Hardy averaging operator and its dual, that is, 

{Pf){t):=t-' f{s)ds and (Qf)(t) := f{s)-, / G 9Jt+(4), t e h. 

Theorem 3.1 ([6]). Fix b > and let u and v be weights on 1^. Then, for 1 < p < 
q < oo one has the least constant C > in the inequality 

(3.1) (^l\u{t)iPf)it)ydty <c(^l\vit)fit)ydty , fem+ih), 

equivalent to 

and the least constant C > in the inequality 

(3.2) ( [\u{t){Qf){t)ydt] ' <c( f{v{t)f{t)fdt ) , / G mt+(/,), 



equivalent to 

sup (f uitydt]" (! {tv{t)Y^' dt 

0<r<b \Jo J \Jr 

An operator essentialy built from P and Q when 6 = oo is the Stieltjes operator 



(S/)(t):= r^ds, fem+ih). 

Jo s + t 



Clearly, for / G 971+ (M+), t G R+, 

(3.3) liiPfm + {Qfm] < {sfm < [{Pfm + {Q/m]. 

The following results are given in Andersen [T]forl<p<g<oo and in 
Sinnamon [7] for 1 < g < p < oo. 

Theorem 3.2. Let u and v be weights on M+. Then, in the inequality 



(3.4) (^^~(5/)(f)%(t) dt^ ' < K (^j^ f{trv{t) dty , fem 
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the least possible K > is equivalent to 



(3.5) 



t 



when 1 < p < q < oo, and to 



when 1 < q < p < oo. 



s + t 



u(s) ds 



[s + ty 





1 n 

V 


PI 

p-q 


ds 




u{t) dt 



1__ 

q p 



4. Proof of Theorem A. 



The following lemma is a key element in the proof of the Theorem A. In it and in 
the rest of the section, it will simplify things if we write ip in the form 



(4.1) 
where 



ip'+i ' 



(P0)(t)=t 



-1 



[iPQp)m 

[ (p{s)ds and {Qp(t>){t) = pt""^ f (l){s)s-^ds. 
Jo Jt 



Lemma 4.1. Fix p and b with, 1 < p < oo and < b < oo. Suppose 4> is a 
non-trivial weight on 1^ and let ip be given by (14.11) . Then, there exists C > 0, 
independent of f,g E OJf+(/fe), such that 



(1) / fg 



P(j) 



^+1 



(W> + 



if f i, and 



111) / fg 



<c[ 1^ fitmt)t-pdt 



)'U(r^)'H' 



if ft- 

Proof, (i) We have 



p 



p' + l 



fg 



P(/) 



(PQp) (0). 

j^g{t) jy{s)(^iyy <P{s)ds[t{PQp)mt)]-y'dt, since / 



+ 



g{s) [s {PQp) (0)(s)] ^ ^ ds(f)(t)dt, by Pubini's theorem, 

b 

t 

(j){t)dt 



i + l) f f g[s{PQ,){(t>){s)]-7-\Q^ct>){s)ds 
P / Jt Jo 



< / m / 4> 



h 



{Qp(P) {t)dt 



h 



;7-i 



/ fit) 
Jib 



(f){t)dt 









pv g 











+ 



b rs 




't JO 



g[s{PQ,) ms)]-7-' {Q,<t^) {s)ds 

^-1 



(i){t)dt 




4> 



h Jo 
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t Jo 



<(p+ir 

III, lo 



(j){t)dt 



b rs 



(j)(t) / ^)dt 
h JO 



g[s{PQ,)ms)]-7-'{Q,<i>){s)ds] <P{t) cpdt 



< [P+If 





1^ 

p 














Uh J 




Jh 


Uh J 



+ 



b PS 




g[s{PQp)ms)]-V-'{Q,<l)){s)ds\ <i>{t) <pdt 



h \Jt Jo 





1 -1 


[ (pdt 




Jo 





in which the third inequahty was obtained using Holder's inequahty with respect to 
the measure 4>{t)dt. 
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The proof of (i) will be complete if we can show, that 

r g[siPQ,)ms)]-V-'iQ,<j))is)ds] m fcpdt 
t Jo /Jo 

is dominated by a constant multiple of Jj^{P g){ty' ^p{t)dt. To this end, let 
H{t):= f g[s{PQ,)ms)r^~\Qp<i>){s), seh 



so that the assertion reads 



H{s)ds ) (j){t) J (pdt 

<c I H{ty [t{PQ,) mt)r' {{Qp4>) {t)r''-' 



(j){t)dt 



But, this holds by Theorem 13. ![ inasmuch as 



[s{PQ,)ms)r{Qv<P){s)\ <p\ ds 



i-p 



= 2~V 

< 2^7 
2" 



[s{PQ,)ms)r{Qp4>){s){ 4>\ ds 







[s{PQ,) ms)]~^d[s{PQ,) ms)] 



< 



< 



p — 1 

p — 1 

2'^ 
p — 1 

2^7 



t{PQ,) mt) 

X<l) + t{Qpct>) (t) 



p — 1 

(ii) To begin, suppose b = oo. Making the change of variable t — ?► t^^ three times in 
a row and setting f{y) = f{y~^), g{y) = g{y~^), 4>{y) = we obtain 



Jo 



fg 



liPQp) (0)J 



fg 



j^i 4>{s)s ^ds 



^+1 



dt. 



fg 
fg 
fg 



Jo 



Jo '/'^ 
t{QpP) 



dt 



dt 



P(j) 



(PQp) (0) 



^+1 



Thus, from (i), there follows, since / 4-, 

77 + ^ 



f 

Jo 



fg 



(PQp) (</•), 



< c 



PCX; 

Jo 9 
Jo 



with 



{pQpM 

Now, the change of variable t ^ t~^ yields 



p'+l' 



POO ^ ^ 

/ fmm 

Jo 



f{t-y<t>{t-^)t-^dt 
f{tmt)t-pdt, 



g{t)dt= I g{t~')t~^dt 



g{t)dt 



and 



Again, 



/ (j){t)dt^ / (f){t-^)t-^dt^ / 

Jo Jo Jo 



m 



Pdt = OO 



{PQ,)mt)Y^' 
/o"' (t>{s)dstP-^ J^Z (t)is)s-Pds 



o'+l 



'-^I,Z<P{s)s-Pds+^-^J^-^<p{s)ds 



1 rt- 



p'+l 
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,_2(P0)(ri)(Qp0)(ri) 



So, 



{Pg){tYmdt 



OQ / ft 



v^o 

OO / /"OO 



g{s)dsj ■ip(t)dt. 

This completes the proof of (ii) when b = oo. In the case 6 < oo, a similar argument 
works if we replace the transformation t — )■ t^^ by f — )■ (fe — t)^^. □ 



Proof of Theorem A. We first show 



(4.2) 



k \9\ 



for some c > independent of g E 971+ (/{,). To this end, it suffices, in view of (12. 2p . 
to find constants C, c > 0, independent of (7 e p^^, to which there corresponds an 
/ e m+{h), with / i, p^Jf) < C and 



(4.3) 



f9*>c 



Fixing g, we seek 

f = Qh 

for some h in 93T+(/b). 

We need a condition on h to guarantee p^^{Qh) < 00. But, 



< 2 



< B 



{{PQ)hf 
(Ph + Qhf 

{Shy, 
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the last inequality being proved in the Appendix. The desired condition on h is thus 

[ h^iP^^P < oo. 
Jib 

As pointed out in Section [3l the weighted Lebesgue norms 



and 



i-p 



g,hem+{h), 



are dual to one another. Therefore, for our given g E Lp' , there exists Hq G 



such that 



and 



p,<i> 



Jh 



[ g*Qho = [ hoPg* >l\ [ 
Jh Jh ^ VJh 



7 1 

2 ^ p',^ * 



If Jj^ (f) < oo, the constant function with value 

1 



will belong to Tp a with norm 1 and 



(4.4) 

will satisfy 



f:=QK + 



f9*> 



Ih9* 



h 



h 



1 ■ 



Altogether, then, the function / defined in (14.41) has p^^if) < C = B + 1 and 
satisfies (14. 3 p with c = |. 

We now prove the inequality opposite to (14.21) . this being equivalent to 



(4.5) 



Jh 



ih 



in which C > is independent of f,g E 97t(X). 
It suffices to consider g* of the form 



g* = k + Qh, k>0 and he Dn+ih). 
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For the term 



I, 

to be finite we require b = ^{X) < oo or Jj^cp = oo. In either case, the term is 
dominated by an absolute constant times p^, ^{g*) and is irrelevant. 

We have only to to consider those g* of the form g* = Qh, h G 07t+(/b). For such 

g*, 

4 rg* = 4 rQh = 4 hPin = 4 rh 



(4.6) 



P 



^-1 



{pQvm 



< 



2 \ p 



[h + h] ■ 

Since /** I, Lemma |4?T| (i), gives 



P(j> 



{pQpm 



^+1 



Qp4> 


^+11 


[iPQpm\ 





2 \ P 
P, 



(4.7) 

But, 
and 

whence (14. 7p implies 

(4.8) /, < Cp„(/) 



(Pkf xb 



1." 
4 



g** = Pg* = {PQ)h = Ph + Qh> Ph 



Qh= h, 
h Jib 



pp',A9*) + 



Ilk 



Observing that j!. f* t, Lemma WA] (ii), ensures 



(4.9) I2<C 



Combining (14. 6p . (14. 8 p and (14. 9 p yields (14. 5 p and thereby completes the proof. □ 
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Corollary 4.2. Let cj) he a non-trivial weight function on M+, and ifj its dual weight. 
Then, 
(4.10) 



i){s)ds + tP J ds 
Proof. It is easy to see that 



nt POO 

/ cl){s)ds + tP / ct){s)s-f'ds 
Jo Jt 



1-p' 



s)ds + tP / (j){s)s~''ds 



and 



Pv'.i: (-^(0,t)) 



^{s)ds + tP' / ij{s)s-P' d.s 



Since p^^ and p^, ^ are associate r.i. function norms, f l4.10p now follows from f l2.3p . 



□ 



Corollary 4.3. Fix p G (l,C)o) and suppose (p is a non-trivial weight function on 
M+, with 

poo 

(f)(t)dt = CO. 



Then, 
(4.11) 



sup 



in which if) is the weight dual to and 

no,i(K+):={/e9^+(K+): ^/Wt andf\] 
Proof. As pointed out in p| p. 117], / G fio,i(I^+) if and only if 

]-t-^ [ h*{s)ds < fit) < 2t-^ [ h*{s)ds, 
2 Jo Jo 

for some h G 971+ (IR+). Hence, the left side of (14. lip , is equivalent to 



rt-^fh*{s)dsgm h%t) ir gjsn dt 

sup y — — = sup 2 — 



P 



~ Pp',i, 



which yields (14.111) . in view of (13. 3p . since 
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□ 



Theorem 4.4. Fix p,q G (l,oo). Suppose (pi and 02 are weights on M+, with 4>i 
and its dual weight ipi as in Corollary \4.3[ Let T be a positive linear operator on 
3Jt+(M+) with associate operator T'. Then, 



(4.12) {r^^^^'"^') ' -^{r ^''^0 ' ' 



if and only if 



(4.13) (^J^ (5r')(/i)^Vi) ^ <K(^j^ /i^'^s""') ^ . heTl. 



or 



oo 

1-p 



(4.14) ^ iTS)ihy<p2j <K[j^ ^"V'l J ' hem^R^). 

Here, K ^ C. 

Proof. The reverse Holder inequality ensures that fl4.12p is equivalent to 



or 



CiTf)h 



"OO 

< I / Pr 



, /G^]o,l(M+), /iG9Jl+(M+), 



(4.15) ^° ^^^^l < f /i^V^'^') ^ , fe l]o,i(M+), /i G OJT+(M+). 

In view of Corollary I4.3[ (14.151) amounts to 

p^,^^{{ST'){h)) < (^J^Ul'^'Y , h G 9Jt+(K+), 
that is, (I4.13p . As we have 

3 POO 

{ST')h{t)g{t)dt = / h{t){TS)g{t)dt, /i, G 9Jt+(M+), 
Jo 



(I4.13P is equivalent to (I4.14p . by the duality theorem for weighted Lebesgue spaces 

□ 
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5. Imbeddings and Boyd indices 

Theorem 5.1. Fix p,q G (l,oo). Suppose (pi and 02 are weights on M+, with (pi 
and its dual weight ipi as in Corollary \4.!^ Then, the (possibly infinite) norm of the 
imbedding 



(5.1) 

is equivalent to 
(5.2) 



g,4>2 \ 



sup 

t>0 



Jo Ms) ds + fi J°°(P2{s)s-''ds 



/o* 01 (s) ds + tP /^°° Ms)s'P ds 



1 1 
p 



V-1 



(p2{t)dt 



1__ j_ 

q p 



if I < p < q < oo, and to 

\ r />2(^) ds + t'lj;^(P2{s)s-Us ' 

Jo [jl^(Pi{s)ds + tP J'^(Pi{s)s-Pds_ 
ifl<q<p<oo. 

Proof. The imbedding (15. ip is equivalent to an inequality of the form 

(5.4) P,,,Slf)<Cp^Jf), /er]o,i(M+), 

or 



(5.5) 



(//)V2 ] <C{ f^(Pi , fea 



'0,ll 



in which I is the identity operator. According to Theorem 14.41 ( 15. 5 p reduces to 
(5.6) 

here, K ^ C and 



{Shy(P2] <Kyj h^^l'^'j , /ie9Jl+(R+); 
(P0i)(t)(Qp0i)(t) 



[[PQp)[(pi)\ 

By Theorem 13. 2[ the least possible K in (15. 6 p is equivalent to 

1 

9 



(5.7) 



sup 

i>0 



^l(s) 



ds 



when 1 < j9 < g < oo, and to 

(p-i)g 



s + t 



(5.^ 



^i(^) 

Lio + ty 



ds 



oo / ^ 



(p2{s)ds 



(p2{t)dt 



1 p 



16 AMIRAN GOGATISHVILI AND RON KERMAN 

when 1 < g < p < oo. But, 



t 



and 



s + 1 

Ms) 



(p2{s)ds^ / (j)2is)ds + (j)2{s)s~'^ds 







{s + ty 



L^O 



Ms)ds + f I Ms)s'^ds 

i-p' 



Ms)ds + tP / (j)i{s)s~^ds 



by Corollary 14.21 so fl5.7p becomes fl5.2p and f lS.Sp becomes fl5.3p . □ 

Theorem 5.2. Fix an index p, 1 < p < oo and suppose (p is a non-trivial weight on 
M+. Take p = p^^ on 2Jt+(]R_|_). Then, 



(5.9) hp{t) ^ Mp{t) ^ sup 



/o' (t>{y)dy + sP (j){y)y-Pdy 



, te 



and 

(5.10) ip = ip, Ip = Ip. 

Proof. For / G 971+ (R+), / decreasing, we have 

(i5./)"W = /••(£). 



so 

where 

Thus, for t e M+, 



hp{t) = sup 



P.. (i^i/)=P,,,(/), 

0(s) = t0(st). 



(/) 

n 

sup 77T 

fem+{R+) Pp,^ [J) 



sup 



sup 



, by Theorem 15.11 

j;t(P{ty)dy + sPj^t<p{ty)y-Pdy 
Jo Hy)dy + sP (j){y)y-Pdy 
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sup 



sup 



J, (j)iy)dy + sHP <P{y)y-Pdy 
Jo <P{y)dy + sP (f){y)y-Pdy 

Pp,<l> (^(O.st) ) 



Pp,,^>(^{0,s)) 



□ 



Remark 5.3. The formula (15. 9p . now proved, is the one asserted in Theorem B. 

6. Calderon-Zygmund Operators 

A function on R" \ {0}, locally integrable away from the origin, is said to be a 
Calderon-Zygmund (CZ) kernel, provided it satisfies the following four conditions: 
(i) There exists a constant Ci > 0, independent of e and A^, < e < A^, such that 



L 



K{x)dx 



<Ci; 



'£<|2:|<A' 

moreover, for each A^ > 0, one has the existence of 



lim 

e-i>0+ 



K{x)dx. 



e<\x\<N 



x\<R 



(ii) There exists a constant C2 > 0, independent of i? > 0, for which 

\x\\K{x)\dx < C2R. 

(iii) There exists a constant C3 > 0, independent of y G M" \ {0}, with 

\K{x-y)- K{x)\dx <C3. 

x\>2\y\ 

(iv) There exists a constant C4 > 0, independent of i? > and of points xi, X2 and 
X3 in within a distance -| of one another and each a distance greater then R from 
y, such that 

\K{x,-y)-K{x2-y)\<C, 

The Calderon-Zygmund operator, Tx, with kernel K, is the singular integral 
operator 

(T^/)(x) := hm /" K{x-y)f{y)dy, x G R^ 
which is defined a.e. for all / G 9Jt(]R") with 

\m\ 





Xi — X2 




\x3 - y 


n- 


-1 



n 1 + |?/|" 



dy < 00. 
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Theorem 6.1. Fix p, 1 < p < oo, and suppose the weight (p on M+ satisfies 

/•OO /"OO 

/ (p{s) mill [l, s~^~\ ds < oo and / max [l, s~'^~\ ds = oo. 

Jo Jo 

Denote by tj) the function defined in (14. ip . 
Let Tk he a CZ operator. Then, one has 

(6.1) Tk : rp,^(M") ^ rp,^(M") 

if there exists c, < c < 1, such that for all t G M+, 

/o* (t){s)ds + cPtP /^°° (j){s)s-'Pds < \ \jl (t){s)ds + fc /^°° (P{s)s-Pds 

(6.2) 

/;* ^{S)ds + cP'tP' /^°° ij{s)s-P'ds < I ^^(5)^5 + tP' /^°° V^(s)s-P'(is 

Proof. Let p be an r.i. norm on 07t+(R+) defined in terms of r.i. norm p on 9Jl_|_(R_(_) 
by p{f) = p(/*)- It is sliown in [5] tliat 

Tk : L,(M") ^ L,(M") 

provided 

lim s/i(s) = = lim h{s), 

s—^0+ s—>oo 

wliere h{s) = /ip(^)- In terms of hp{s) and h-pi[s) = sh{s), these conditions read 
(6.3) hm hp{s) = = hm hp^s). 

s— >-0+ s— >0+ 

The inequahties 

hp{siS2) < hp{si)hp{s2) and /ip'(siS2) < /ipK^^i) ^(■^2), Si,52 e M+, 

imply that, given e > 0, (16.30 is equivalent to the existence of c, < c < 1, for 
which hp{c) < e and /ip'(c) < e. By Theorem B, then, (16. 3 p is equivalent to (16. 2p . 
when J) = Pp^- □ 

Remark 6.2. The condition (16.20 is also necessary for (16.10 when, for example, Tk 
is the Hilbert transform or one of the Riesz transforms. 



7. Appendix 



It is our purpose here to give an heuristic argument to motivate the choice of i/j 
in (14. ip when is a non-trivial weight on If, satisfying Jj^cp = 00. 
Now, 



sup 

/62K+(/6) 



Jl; f*{t)g*{t)dt 

'j;;f**{tmt)dt 



--■.lig), gem+ih 
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It suffices to consider f{t) = h{s)^ for some h E 97t+ (/;,), h a.e.. Since, in 
that case, 

nt)g*{t)= f fh{s)-g\t)dt= fh{t)g*\t)dt 
Jo Jt ^ Jo 



and 



rit) = t-' 



we have 



t rb 




Js 



h{y) ^ds = f h{s)ds + f h{s) — ^ (Sh) (t), teh, 

y Jo Jt s 

J^h{t)g**{t)dt 



I{g) = sup 

h£m+{It) 



j'{Sh){tmt)dt 



1 • 

p 



If d) is such that 



(7.1) 
then, 



iSh)P<p < C / hP(P, h e mih), 



j;h{t)g**{t)d t 

h{ty'4>{t) dt 



Hg)>C-' sup 



This suggests we take ip{t) = (j){tY^'P' where (f) is, in some sense the smallest 
weight such that (17. ip holds. Andersen's condition (13. 5p for (17. ip leads us to solve 
for (f){ty~P in the equation 



(7.2) 



0(^) 

or, what is equivalent. 



ds 



s + t 



)^-P'ds 



1, 



[ (p{sy~p' ds + fp' [ 

Jo Jt 



isV-P's-P'ds 



t rb -1 

t-P I (j){s)ds+ / (f){s)s-Pds 

Jt 



Differentiation with respect to t yields 

t^'-' f d(sV~P's-P'ds= I (l){s)ds 



t-P I (l){s)ds+ I (f)(s)s~Pds 
Jt 



Differentiating again with respect to t we get 



i-p' 



tp'm 



~ h -1 p'+l 

r (j){s)ds + tP J' (j){s)s-Pds C 0(s)rfs + tP J" (j){s)s~Pds 
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It seems we essentially have 



(7.3) <j>{ty 

The weight (j){t) given by 



/g* cf){s)ds + tP (j){s)s-Pds 



[(P0)(t) + (Q,0)(t)f 



is readily shown to satisfy Andersen's condition fl7.2p and, hence, so will 



(P0)(t)(g,(/))(t) 



— = ^(ty-p' + d^^t) 



Now, will be better then in (EI]) if 

g**{ty'^{ty-f'dt <C g**{tY^{tf-P'dt. 

Jo 

One readily infers from Theorem 15.11 that this will be so if and only if 

/ s^'-^ / ^{yy-^'y-^'dyds <C s^'-^ / ^{y^-P' y-^' dyds 

Jo Js Jo Js 

But, 

> 

\^-p\,-p 



cPiyy-P y-P dy ^ / y 



{P<i>){y){Q,4>){y) 



s ^ [(P0)(y) + (g,0)(2/)f 

' yP-'f^cl^{z)dzf'^(f>{z)z-Pdz 
(j){z)dz + yP /' (P{z)z~Pdz 



z)dz + yP / (f){z)z~Pdz 



P Jo 



(f>{z)dz 



n -P 



+ - / <P{y) / cP{z)dz + yP / 

P Js Uo Jy 



z)dz + yP / (/){z)z'Pdz 



[z)z-Pdz 



dy 



^ I <Piyy-''y-''dy, 



if (j){z)dz = oo. 
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